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ABSTRACT: A generalization of the Adam−Gibbs model of relaxation in glass-forming liquids is formulated that takes into
account fluctuation in the number of molecules inside the cooperative region. The configurational fraction links the excess
entropy with kinetic properties described in the Adam−Gibbs model. We express the configurational fraction at the glass-
transition temperature in terms of the width of the distribution of relaxation times, the nonlinearity parameter that demarcates
the variations of the relaxation time with structure and temperature, the steepness index that is proportional to the slope of the
logarithm of the relaxation time with respect to temperature, the excess heat capacity under constant pressure, and the number
of correlated molecules or structural units. The configurational fraction in the absence of fluctuation effects is also determined
for several glass-forming liquids at the glass-transition temperature.

■ INTRODUCTION

There have been notable advances in recent years in our
understanding of structural dynamics and thermodynamics of
supercooled liquids. These liquids are in internal equilibrium in
the temperature range between the glass-transition temper-
ature and the melting temperature. Some unique character-
istics of glass-forming liquids are the dramatic increase of
relaxation times of the primary structural relaxation (α-
process) with lowering of temperature, the nonexponential
time dependence of relaxation time in response to external
perturbations, and the nonlinearity of the supercooled state.1−7

The structural relaxation time τα in glass-forming liquids is
often approximated by the Vogel−Fulcher−Tammann (VFT)
relation, log(τα/s) = C + D/(T − T0), where C and D are
constants, and the temperature T0 is a characteristic temper-
ature greater than zero.1,2,7 Various models for activation
energies have been proposed that exhibit divergence of the
structural relaxation time at the VFT temperature T0. These
models include dynamical length scales8 and the decrease of
configurational entropy as the temperature is reduced toward
the glass-transition temperature.9 The entropy difference
between the liquid and the crystal, i.e., the excess entropy
Sexc, vanishes at the Kauzmann temperature TK that is close to
the VFT temperature T0.

1,10 This implies an apparent
connection between the vanishing of the excess entropy and
the divergence of the relaxation times.10

A quantitative model for relaxation time in glass-forming
liquids is that due to Adam−Gibbs.11 In the Adam−Gibbs
model, the smallest size of a cooperative region that allows a
transition is inversely proportional to the configurational
entropy, z* = s* NA/Sc, where NA is the Avogadro number, Sc
is the configurational entropy of the supercooled liquid, and s*
is the configurational entropy corresponding to the lowest
size.11 The Adam−Gibbs model predicts a linear relation
between log (experimental relaxation time) and (TSc)

−1. There
have been various generalizations of the Adam−Gibbs
model.12−20

Analysis of glass-forming liquids that span a range of
fragilities signifies that the Adam−Gibbs relation is consistent
with dielectric and configurational entropy data over the
temperature range Tg < T < TB, where Tg is the glass-transition
temperature and TB is a characteristic temperature where the
temperature dependence of the relaxation time is observed to
change from one VFT form to another VFT form.7,16

There are several weaknesses to the Adam−Gibbs model.
The model cannot account for the fact that relaxation of
molecules exhibits dynamic heterogeneity and that relaxation
near Tg is well described by a stretched exponential decay. For
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T > TB, the linear relation between log(τα) and (TSc)
−1 breaks

down, where τα is the experimental primary structural
relaxation time.16,7 The β Kohlrausch−Williams−Watts
(KWW) parameter governs the breakdown.16 The observed
correlation between the steepness index and the β KWW
parameter of the α relaxation time cannot be explained by the
Adam−Gibbs model.16

Adam−Gibbs assumed that the term that is maximal of the
configurational partition function in the isothermal−isobaric
ensemble can be associated with the logarithm of the number
of configurations, i.e., proportional to the configurational
entropy Sc.

11 The excess entropy Sexc of a glass former is
defined as the difference between the entropy of the liquid and
that of its crystal phase.11 The excess entropy Sexc incorporates
vibrational contributions to the entropy of the glass-forming
liquid. In the Adam−Gibbs model, the configurational entropy
Sc(T) is proportional to Sexc(T).

11 The configurational fraction
is the fraction of the excess entropy that characterizes the
configurational contributions and is defined by Sc(T) =
f Sexc(T), where f is assumed to be independent of temper-
ature.7,20−23 The characteristics of the configurational fraction f
in the vicinity of the glass-transition temperature provide
insights into the underpinnings that link the excess entropy
with kinetic properties described in the Adam−Gibbs model.
Our work was motivated by several experimental studies.

Dielectric spectroscopy has been used to measure the spectra
of eight glass-forming liquids in the presence of direct current-
bias electric fields.20 Using the Adam−Gibbs model, after
suitably modified, these authors find that field-induced relative
change in the relaxation times is correlated with field-induced
changes in thermodynamic entropy.20 Their work suggests that
to generalize the Adam−Gibbs model to describe field effects,
what is needed is the way to quantify the ratio of the
configurational and the excess entropies, i.e., the configura-
tional fraction.20,7

Studies related to dynamics of supercooled liquids under
high pressures provided another motivation for this work.21−23

Analysis of the relaxation times for ortho-terphenyl (OTP) and
ortho-phenylphenol mixtures as a function of the temperature
at two pressures indicates that the relaxation time is a linear
function of (TSc)

−1 signifying the validity of the Adam−Gibbs
model.22 In another study, the primary relaxation times for
ortho-terphenyl, triphenylchloromethane, and poly(methyl
methacrylate) over a wide range of temperatures and pressures
were measured that confirmed the validity of the Adam−Gibbs
model.23 Analysis of dielectric relaxation times and thermal
expansion data for these liquids indicates that both isothermal
and isobaric configurational entropies are proportional to the
excess entropy.23

In this work, we describe the configurational fraction at Tg
based on both the Adam−Gibbs model and a generalization of
the Adam−Gibbs model, in which we have taken into account
fluctuation effects of the number of molecules in a cooperative
rearranging region. In this case, we quantitatively predict the
configurational fraction at Tg of several glass-forming liquids
that span a range of fragilities. For these liquids, we observe a
connection between the configurational fraction and the β
KWW parameter at Tg.

■ METHODS
Structural constraints associated with order in the melt impose
a characteristic size for the smallest correlated volume V for
entropy fluctuations.24 We assume that the volume V is large

enough and might contain a number of subregions of size z*,
each of which is able to relax to equilibrium independent of
what is going on in the neighboring regions. In other words, we
have not assumed, as did Adam−Gibbs,11 that the number of
molecules inside the correlated volume V is equal to the
minimum number of molecules z* needed for cooperative
rearrangements into a different configuration.
The mean relaxation time of the rearranging region in the

Adam−Gibbs model is11

τ μ= + *Δ
A

z
k T

ln ln
B (1)

Δμ is the potential barrier per molecule to rearrangement
region, kB is the Boltzmann constant, and A is proportional to
the relaxation time at high temperature. We assume that the
relaxation time τi of a local region i is of the same form24,25 as
eq 1

τ
μ

= +
*Δ

A
z
k T

ln lni
i

B (2)

Here, zi* is the minimum number of molecules that permits
cooperative rearrangements in local region i. The average value
of zi is z*.
The width of the distribution of relaxation time ⟨Δ2 ln τ⟩ at

a given temperature T and pressure P is defined to be ⟨(ln τi −
ln τ)2⟩. We assume that fluctuations in the equilibrium melt
arise from fluctuations in the configurational entropy Sc. Since
we are interested in the temperature dependence of ⟨Δ2 ln τ⟩
at constant pressure, we write z* = z*(Sc(T)).
From eqs 1 and 2, the mean-square deviation of ln τi from its

average is found to be
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The last term in eq 3 is simplified by the use of thermodynamic
fluctuation theory26

υ
⟨Δ ⟩ =

Δ
S

k C
V

2
c

B P
(4)

where υ is the molar volume, V is the volume of the correlated
region, and ΔCP is the constant pressure configurational heat
capacity.
We assume that the temperature dependence of the

configurational entropy is approximated by the excess entropy,
Sc(T) ≈ Sexc(T)f(Tg), where f(Tg) is the configurational
fraction7,20 at the glass-transition temperature Tg. Making use
of eqs 3, 4, and SI.3, we find the configurational fraction to be
expressible in terms of the excess heat capacity under constant
pressure, ΔCP,exc, the width of the distribution of relaxation
times, and the Tool−Narayanaswamy−Moynihan nonlinearity
parameter x, which measures how far the system deviates from
equilibrium.13
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(5)

The first term in eq 5 is the number of structural units per
mole. The last term in eq 5 is related to the steepness index m
= {d log10 τ/d(Tg/T)}T=Tg

.6,27,28 In deriving eq 5, we have not
assumed the Adam−Gibbs relationship between the critical
size z* and the configurational entropy Sc.
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If fluctuation effects are not included in the Adam−Gibbs
model, the configurational fraction f(Tg) at the glass-transition
temperature is

= +
Δ

f T
m
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Here, C = Δμs*NA/R and m is the steepness index. In deriving
eq 6, we made use of a relation between the steepness index
and thermodynamic quantities.29

■ RESULTS

The glass-forming liquids ortho-terphenyl, salol, 2-methylte-
trahydrofuran (MTHF), n-propanol (nPOH), and 3-bromo-
pentane (BPT) span a wide range of fragilities. For these glass-
forming liquids, the temperature dependence of the excess
entropy is described by Sexc(T) = S∞(1 − TK/T), and the
corresponding excess heat capacity is inversely proportional to
temperature, ΔCP,exc = S∞(TK/T), where TK is the Kauzmann
temperature and S∞ is a parameter that ensures the consistency
of the two different modes of relaxation in glass-forming
liquids, namely, the Adam−Gibbs model and the empirically
fitted Vogel−Fulcher−Tamman model.30 Substituting these
relations in eq 6, we obtain the configurational fraction at the
glass-transition temperature

=
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The quantities TK, Tg, and m and the parameter B = C/S∞ in
eq 7 for the five glass-forming liquids30 are tabulated in Table
1. Our prediction of the configurational fraction at the glass-
transition temperature for the five glass formers along with the
experimental values for the β KWW parameters6,31 is also
shown in Table 1. For 1-propanol, an additional Debye peak is
observed at a lower frequency than the α process via dielectric
measurements. This peak was identified as the α process and
incorrectly reported in the literature as β KWW value of unity.6

We have not included this value for 1-propanol in Table 1.

■ DISCUSSION

The two basic assumptions11,12,15 in the Adam−Gibbs model
are (i) the inverse relationship between the minimum number
of molecules z* that allows cooperative rearrangements and
the configurational entropy of the glass-forming liquid, and (ii)
the number of molecules inside a cooperative rearranging
volume is equal to the minimum number that undergoes
independent rearrangements. The derivation leading to eq 5
avoids both these assumptions.

We can obtain the configurational fraction by an alternative
route. A lower bound to the number of correlated molecules or
structural units has been obtained32 by relating a four-point
correlation function to two-point correlation functions C(t)
and by the use of fluctuation−dissipation theorem

=
Δ

 T
T

C T k
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t
( )

( )/
max
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2

p B

2l
mo
no

|
}o
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Assume that fluctuations in the equilibrium melt are due to
configurational entropy Sc and that the time dependence of the
correlation function C(t) is of the Kohlrausch−Williams−
Watts form, C(t) = Co e

−(t/τ)α, 0 < α ≤ 1. With these
assumptions, we find the configurational fraction to be
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Δ
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/
dln
dlng

corr

2

p,exc B (9)

The square of the β KWW parameter α is inversely
proportional to the width of the distribution of relaxation
times ⟨Δ2 ln τ⟩. The essential difference between predictions of
the configurational fraction based on eqs 5 and 9 is the absence
of the nonlinearity factor (1 − x).
For the five glass-forming liquids, accurate estimates of both

the number of structural units in a rearranging region and the
widths of the distribution of relaxation time at or near Tg are
not available for quantitative predictions of the configurational
fraction based on eq 6, i.e., fluctuation effects in the Adam−
Gibbs model.
Moynihan and Schroder24 have used assumption (i) in the

Adam−Gibbs model along with various approximations, such
as that for the temperature dependence of the excess heat
capacity and for the temperature dependence of the non-
linearity parameter, to obtain an expression that resembles eq 6
but in which the configurational fraction has been set to unity.
A relationship between the configurational fraction and the β

KWW parameter α of glass-forming liquids (Table 1) can be
unraveled through the coupling model. The basic idea in the
coupling model is that the slow mode relaxation time τ is
related to the primitive relaxation time τp

16

τ τ= α α− +t( )c
( 1)

p
1/

(10)

Here, tc is the crossover time from the primitive to cooperative
relaxation. For times less than the crossover time, correlation
functions decay exponentially.16 Continuity of the two
correlation functions at the crossover time leads to eq 10.
On combining the coupling model with the Adam−Gibbs
model, one obtains the temperature dependence of the
relaxation time of the slow mode16

τ = α α− +t A( e )C TS
c

( 1) / 1/exc (11)

Table 1. Configurational Fractions f(Tg) Computed at the Glass-Transition Temperature for Five Glass-forming Liquids:
ortho-Terphenyl (OTP), Salol, 2-Methyltetrahydrofuran (MTHF), n-Propanol (nPOH), and 3-Bromopentane (BPT)a

substance TK (K) Tg (K) m B (K) α f(Tg)

ortho-terphenyl 204.2 246 81 684.0 0.57,6 0.5531 0.52
salol 175.2 220 63 823.5 0.60,6 0.5831 0.62
MTHF 69.3 91 65 406.6 0.62,6 0.6431 0.53
n-propanol 72.2 97 35 385.6 0.6031 0.77
3-bromopentane 82.5 108 53 374.1 0.71,6 0.6331 0.51

aThe Kauzmann temperature TK, the glass-transition temperature Tg, the steepness index m, and the parameter B were compiled from ref30. The β
KWW parameters α were obtained from refs 6 and 31.
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Thus, within the framework of the coupling model, we observe
that the configurational fraction at Tg can be identified with the
β KWW parameter α. This prediction of the coupling model
ought to be considered as approximate.
Predictions of the configurational fraction based on eq 7 are

qualitative estimates due to approximations inherent in the
expressions used for Sexc(T) and ΔCP,exc(T).

30 By taking into
account fluctuation effects in the Adam−Gibbs model of
cooperative relaxation, we find that the relationship between
configurational fraction at Tg and β KWW parameter involves
various factors such as the steepness index, the nonlinearity
parameter, the excess heat capacity, and the number of
structural units per mole in a cooperative rearranging region.
It would also be fruitful to generalize our approach to

include fluctuations in the potential barrier per molecule to
cooperative rearrangements and to explore isothermal and
isobaric contributions to the configurational fractions for glass-
forming liquids where experimental data is available.23,33−36

Unraveling the temperature dependence of the configurational
fraction, i.e., generalization of eqs 5−7, is of importance to the
underpinnings that connect excess entropy with kinetic
properties of glass-forming liquids. Work is underway along
these lines of thought.

■ CONCLUSIONS
The configurational fraction links the excess entropy with
kinetic properties described in the Adam−Gibbs model. We
have obtained an expression for the configurational fraction at
the glass-transition temperature with and without fluctuation
effects in the Adam−Gibbs model. In the latter case, we predict
the configurational fraction for five glass-forming liquids. A
connection is observed between the β KWW parameter and
the configurational fraction at the glass-transition temperature.
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